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Abstrat
We alulate the energy radiated during the sattering of two D-strings
strethed between two D3-branes, working from the Born-Infeld ation for the
D-strings. The ends of the D-strings are magneti monopoles from the point
of view of the gauge theory living on the D3-branes, and so the sattering
we desribe is equivalent to monopole sattering. Our results suggest that no
energy is radiated during the sattering, in ontrast to the monopole result of
ref. [2℄.
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1 Introdution
It has been known for some time that a D-string ending on a D3-brane looks like
a magneti monopole from the point of view of the gauge theory living on the D3-
brane. In ref. [3℄ it was shown that a fundamental string ending on a D-brane an be
desribed as a solitoni solution of the Born-Infeld ation of the D-brane. This led to
some speulation as to whether a D-string ending on a D-brane an be desribed in a
similar way. In refs. [4℄ and [5℄ it was shown that this is indeed the ase for a D-string
ending on a D3-brane (ref. [5℄ also ontains a disussion of the D5-brane ase). This
D-brane onguration has been widely studied in the literature. See also, for example
refs. [6℄, [7℄, [8℄, [9℄ and [10℄, and refs. [11℄ and [12℄ for related work.
In ref. [1℄ we initiated a alulation of the energy radiated during the sattering of
two D-strings strethed between D3-branes, using the D-strings' ation. Our aim was
to ompare our result with the monopole result, whih was shown by Manton and
Samols in ref. [2℄ to be
Erad ∼ 1.35mmonv5−∞ ,
Erad
Etot
∼ 1.35 v3
−∞
, (1)
where Erad is the energy radiated, Etot is the total energy in the system, mmon is the
mass of eah monopole and v−∞ is the asymptoti veloity of eah monopole. In ref. [1℄
we disussed the soliton solution to the D-string Born-Infeld ation that represents
two D-strings strethed between two D3-branes. We used this solution to desribe D-
string sattering using the moduli spae approximation of ref. [13℄. Then we alulated
equations of motion for perturbations to the moduli spae approximation, sine the
perturbations ontain the information about the energy radiated. Previous work
regarding perturbations of the BIon spike an be found in refs. [14℄, [15℄, [16℄ and [17℄.
In this paper we will onlude our investigation with our numerial alulations for
the energy radiated during D-string sattering. We will seek to solve numerially the
full equations of motion, rather than using the moduli spae approximation.
The layout of the paper is as follows. In setion 2 we will review the D3-D1 brane
onguration, inluding the results of our rst paper, ref. [1℄. We will disuss some
of the impliations for our numerial alulations, and make some points about the
energy of the system. In setion 3 we will desribe the motion of the D-strings in the
asymptoti limit, when they are far apart. We will disuss how the solutions an be
split into zero modes and non-zero modes, and we will show that the non-zero modes
deouple from the zero modes in this limit. It is the energy in the non-zero modes
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after sattering that represents the energy radiated. In setion 4 we will desribe our
numerial alulations to solve the equations of motion, and in setion 5 we will use
these numerial solutions to alulate the energy radiated. Setion 6 ontains our
onlusions.
2 Desribing Magneti Monopoles Using the Born-
Infeld Ation
In this setion we will briey review some of the bakground material, and disuss
the impliations for our alulations
2.1 Monopoles as Soliton Solutions of the Born-Infeld Ation
We start by reviewing the desription of magneti monopoles as soliton solutions
of Born-Infeld ations from refs. [4℄ and [5℄. The relevant D-brane onguration is
D-strings attahed to D3-branes. Note that this onguration an be studied either
using the D3-brane Born-Infeld ation, or using the D-strings' Born-Infeld ation.
Consider the Born-Infeld ation for a D3-brane with the magneti eld on the brane,
Bi, exited, and with a single transverse eld, Φ, exited. If we look for a stati
solution whih minimises the energy, we nd that the solution obeys the usual BPS
equations for a magneti monopole
Bi = DiΦ , (2)
where Di is the ovariant derivative with respet to the gauge eld on the D3-brane
and i, j = 1, 2, 3 label the spaelike dimensions of the D3-brane. The simplest solution
to (2) is
Φ(r) =
N
2r
, ~B(~r) = ∓ N
2r3
~r , (3)
where r is the radial oordinate in the D-brane's worldvolume. Note that this solution
for Φ(r) indiates that the D3-brane has been pulled into an innitely long spike in the
diretion orresponding to the eld Φ. Calulating the energy and Ramond-Ramond
harge of this solution, we an onlude that it represents N semi-innite D-strings
attahed to the D3-brane at the origin.
On the other hand, this onguration an also be studied using the non-Abelian
Born-Infeld ation for N D-strings. See refs. [18℄, [19℄ and [20℄ for more details of the
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non-Abelian Born-Infeld ation, and ref. [21℄ for a reent disussion. Exiting three
transverse salars in the ation, say Φ1, Φ2 and Φ3, and looking for a soliton solution,
leads to the BPS equations
∂σΦ
i +
1
2i
ǫijk [Φ
j ,Φk] = 0 , (4)
where σ is the D-strings' spatial diretion. The equations (4) are Nahm's equations
from the ADHMN onstrution of a magneti monopole (see ref. [22℄ for a review of
the ADHMN onstrution, and refs. [23℄ and [24℄ for disussions of how the ADHMN
boundary onditions apply in this ase). The solution orresponding to N semi-
innite D-strings `funnelling out' into a D3-brane is
Φi = ±α
i
2σ
, (5)
where the αi are an N ×N representation of the SU(2) algebra.
We next review the solution to Nahm's equations whih desribes two D-strings
strethed between two D3-branes, whih we disussed in our previous paper ref. [1℄.
We dened a new string oordinate, ξ = 2σ/L, where L is the distane between the
D3-branes (note that this oordinate transformation sets the distane between the
D3-branes to be 2). We introdued the ansatz
Φi =
2
L
fi(ξ, t) σi no summation over i , (6)
where σi are the Pauli matries. Then Nahm's equations redue to
f ′1 − f2f3 = 0 , f ′2 − f3f1 = 0 , f ′3 − f1f2 = 0 , (7)
where
′
denotes dierentiation with respet to ξ. The appropriate solutions to these
equations, whih were rst derived in ref. [26℄, are
f1(ξ, k) =
−K(k)
sn(K(k)ξ, k)
, f2(ξ, k) =
−K(k)dn(K(k)ξ, k)
sn(K(k)ξ, k)
,
f3(ξ, k) =
−K(k)n(K(k)ξ, k)
sn(K(k)ξ, k)
, (8)
where K(k) is the omplete ellipti integral of the rst kind and sn(ξ, k), n(ξ, k) and
dn(ξ, k) are the Jaobian ellipti funtions. (See ref. [25℄ for a review of the properties
of ellipti funtions.) The parameter k is a modulus with 0 ≤ k < 1. The fi all have
poles at ξ = 0 and ξ = 2, whih orrespond to the D-strings `funnelling out' into
D3-branes. Also, symmetry properties of the Jaobian ellipti funtions imply that
f1 and f2 are symmetri about ξ = 1, while f3 is antisymmetri.
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2.2 Desribing Monopole Sattering
In ref. [1℄ we explained how to desribe the sattering of two D-strings using the
solutions (8).
In the limit k → 1 the fi atten out, and we an write
f1 ∼ −K(k) , f2 ∼ 0 , f3 ∼ 0 , as k → 1 . (9)
These approximations are aurate, exept near ξ = 0 and ξ = 2, where the fi have
poles. This limit orresponds to the two D-strings being far apart on the x1-axis,
with positions x1 = ±f1.
In order to desribe the sattering we take the fi with k lose to 1 as an initial
ondition. We start the motion by allowing k to depend on time, k → k(t), suh
that initially the D-strings are moving slowly towards eah other. Then k dereases
with time until it reahes k = 0, when the onguration is axially symmetri in the
x1-x2 plane, sine f1(ξ, 0) = f2(ξ, 0). At this point f1 and f2 swap roles, and k
inreases towards 1, so that the D-strings are moving apart along the x2-axis, and
have therefore sattered at 90◦.
Note that the desription of sattering in the previous paragraph relied on the moduli
spae approximation of ref. [13℄; the solutions were only allowed to depend on time
through k(t). In the moduli spae approximation the motion of the D-strings follows
a geodesi in moduli spae, so that at any point in time the solution has the form of
the stati soliton solutions (8). The D-strings have the same veloity at the end of
sattering as they did initially, and the potential energy is always onstant, so that
no energy is radiated in this approximation. To alulate the energy radiated we have
to take into aount higher order orretions to the moduli spae approximation. We
an write the full solutions to the equations of motion as
ϕi(ξ, t) = fi(ξ, k(t)) + ǫi(ξ, t) , (10)
where the motion of the D-strings has been split into the zero modes, the fi, and
the non-zero modes, the ǫi. The zero modes behave aording to the moduli spae
approximation, and the non-zero modes at as small perturbations to the zero modes
(we an assume that the ǫi are small when the D-strings are moving slowly). After
the D-strings have sattered, the energy in the non-zero modes represents the energy
radiated during sattering, as we will disuss in setion 3.2 below.
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2.3 Yang-Mills vs. Born-Infeld
In order to alulate the energy radiated numerially we will work with the Born-
Infeld ation in the low energy limit, α′ → 0. There are two ways to take this limit
(see ref. [1℄). The distane between the D3-branes is given by
L = α′v , (11)
where, in the D3-brane desription, v is the expetation value of the eld Φ, whih
plays the role of the Higgs eld. So when we take the limit α′ → 0 we an either keep
v xed, in whih ase L→ 0, or we an keep L xed, in whih ase v →∞.
The mass of the monopole/D-string is given by
mmon = T1L =
v
gs
, (12)
where T1 is the tension of the D-string, and gs is the string oupling. Therefore
the appropriate limit to take is α′ → 0, v xed, so that the mass of the monopole
is nite. Unfortunately, taking this limit leads to an ation with very ompliated
equations of motion, whih we were unable to solve numerially. We will therefore
take the alternative limit, in whih L is xed, and v →∞. The resulting ation is a
Yang-Mills ation
SYM ∼
∫
∞
−∞
dt
∫ 2
0
dξ
(
ϕ˙21 + ϕ˙
2
2 + ϕ˙
2
3 − (ϕ′1 − ϕ2ϕ3)2 − (ϕ′2 − ϕ3ϕ1)2 − (ϕ′3 − ϕ1ϕ2)2
)
,
(13)
where Φi = 2ϕiσi/L. The BPS equations for this ation are idential in form to those
derived from the full ation, equation (7),
ϕ′1 − ϕ2ϕ3 = 0 , ϕ′2 − ϕ3ϕ1 = 0 , ϕ′3 − ϕ1ϕ2 = 0 . (14)
The equations of motion are
ϕ¨1 − ϕ′′1 + ϕ1(ϕ22 + ϕ23) = 0 , (15)
ϕ¨2 − ϕ′′2 + ϕ2(ϕ23 + ϕ21) = 0 , (16)
ϕ¨3 − ϕ′′3 + ϕ3(ϕ21 + ϕ22) = 0 . (17)
It is these equations that we have solved numerially, as we will desribe in setion 4.
Sine the mass of the D-strings is innite in the limit we are taking, the energy
radiated during sattering will also be innite, sine it is proportional to mmon. To
keep our alulations nite we will alulate the ratio of the energy radiated to the
total energy (whih is onserved - see setion 2.4.2), sine this quantity will not depend
on mmon.
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2.4 Energy Considerations
In this setion we outline some general points about the energy of the Yang-Mills
system we wish to solve.
2.4.1 The Energy Densities
The kineti and potential energy densities of the system governed by the Yang-Mills
ation (13) are
K.E. density =
T
2
(
ϕ˙21 + ϕ˙
2
2 + ϕ˙
2
3
)
, (18)
P.E. density =
T
2
(
(ϕ′1 − ϕ2ϕ3)2 + (ϕ′2 − ϕ1ϕ3)2 + (ϕ′3 − ϕ1ϕ2)2
)
, (19)
where T is a onstant whih is determined by the mass of the monopole. We will not
need an exat expression for T sine we will always be dealing with ratios of energies.
Note that the potential energy density for a solution obeying the BPS equations (14)
is zero, as we would expet. The potential energy density of a solution therefore
measures the deviation of the solution away from the BPS solution.
2.4.2 Energy Conservation
We will show here that the total energy remains onserved. We onsider the Noether
urrents for time translation t→ t− a, whih are
j0 =
T
2
(
(ϕ˙21 + ϕ˙
2
2 + ϕ˙
2
3) + (ϕ
′
1 − ϕ2ϕ3)2 + (ϕ′2 − ϕ3ϕ1)2 + (ϕ′3 − ϕ1ϕ2)2
)
,
j1 = T
(
ϕ′1ϕ˙1 + ϕ
′
2ϕ˙2 + ϕ
′
3ϕ˙3 − ∂t(ϕ1ϕ2ϕ3)
)
.
The total energy Etot is given by
Etot =
∫ 2
0
j0dξ .
By urrent onservation we have
E˙tot =
∫ 2
0
∂ξ j
1dξ , (20)
whih gives
E˙tot = T [ϕ
′
1ϕ˙1 + ϕ
′
2ϕ˙2 + ϕ
′
3ϕ˙3 − ∂t(ϕ1ϕ2ϕ3)]20 . (21)
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Using equations (88) of appendix B.1 we have
ϕ′1ϕ˙1 + ϕ
′
2ϕ˙2 + ϕ
′
3ϕ˙3 − ∂t(ϕ1ϕ2ϕ3) = O(ξ)
= 0 at ξ = 0 . (22)
As disussed below equation (85) in appendix B.1, ϕ1 and ϕ2 will be evolved in suh a
way that they are symmetri about ξ = 1, and ϕ3 is antisymmetri. The ontribution
to (21) at ξ = 2 is therefore also zero. So we have
E˙tot = 0 ,
the total energy of the system is onserved.
3 The D-Strings' Motion in the Asymptoti Limit
In this setion we disuss the motion of the two D-strings in the limit when they are
very far apart and moving very slowly. In setion 3.1 we will alulate a series expan-
sion for the position of the D-strings in this limit, whih agrees with the monopole
alulation of ref. [2℄. In setion 3.2 we will disuss the deoupling of the D-strings'
motion zero modes and non-zero modes in this limit.
3.1 The Zero-Mode Motion
When the D-strings are very far apart their interation is minimal, and we an ne-
glet the ontributions from the non-zero modes. The D-strings being very far apart
orresponds to the limit k → 1 in the solutions (8) (see setion 2.2). In this limit we
an expand these solutions as series in k′ ≡ √1− k2. We nd
f1(ξ, k) = − K(k)
sinh(ξK(k))
(
cosh(ξK(k)) +
1
4
ξK(k)
sinh(ξK(k))
(k′)2 − 1
4
cosh(ξK(k))(k′)2
+ · · ·
)
, (23)
and
f2(ξ, k) = − K(k)
sinh(ξK(k))
(
1 +
1
4
ξK(k) cosh(ξK(k))
sinh(ξK(k))
(k′)2 +
1
4
cosh2(ξK(k))(k′)2
−(k
′)2
2
+ · · ·
)
, (24)
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and
f3(ξ, k) = − K(k)
sinh(ξK(k))
(
1 +
1
4
ξK(k) cosh(ξK(k))
sinh(ξK(k))
(k′)2 − 1
4
cosh2(ξK(k))(k′)2
+ · · ·
)
. (25)
(see Appendix A.1 for the details of this alulation). The parameter k is unnatural
to work with beause the solutions for f1, f2 and f3 depend on it in a highly nonlinear
fashion. We an use instead K(k), whih gives the approximate position of the D-
strings in the x1-diretion when they are very far apart (see equation 9). This is
possible in the asymptoti limit beause the expansions (23) - (25) only depend on k
through K(k). The expansions for f1, f2 and f3 in terms of K are best expressed as
series in e−2K . We nd
f1(ξ,K) = − K
sinh(ξK)
(
cosh(ξK) + 4
(
ξK
sinh(ξK)
− cosh(ξK)
)
e−2K
+O(K2e−4K)
)
, (26)
and
f2(ξ,K) = − K
sinh(ξK)
(
1 + 4
(
ξK cosh(ξK)
sinh(ξK)
+ cosh2(ξK)− 2
)
e−2K
+O(K2e−4K)
)
, (27)
and
f3(ξ,K) = − K
sinh(ξK)
(
1 + 4
(
ξK cosh(ξK)
sinh(ξK)
− cosh2(ξK)
)
e−2K
+O(K2e−4K)
)
, (28)
(see Appendix A.2).
In the moduli spae approximation the D-strings' motion is desribed by allowing
the modulus K to depend on time. We assume that K˙ is small so that the D-
strings are moving towards eah other slowly (this is neessary for the moduli spae
approximation to be aurate). Energy onservation now takes the form
T
2
∫ 2
0
(
df1
dt
)2
+
(
df2
dt
)2
+
(
df3
dt
)2
dξ = E , (29)
where we have negleted the ontribution of the potential energy beause it is very
small in the asymptoti limit. Here E is a onstant whih represents the initial energy
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of the D-strings, i.e. their energy when they are an innite distane apart. Writing
(29) in terms of the parameter K(t), and using that f1, f2 and f3 only depend on
time through K, we obtain
T
2
K˙2
∫ 2
0
(
df1
dK
)2
+
(
df2
dK
)2
+
(
df3
dK
)2
dξ = E . (30)
Then the expression for K˙ is given by
K˙ =
√
2E
I1T
, (31)
where
I1 =
∫ 2
0
(
df1
dK
)2
+
(
df2
dK
)2
+
(
df3
dK
)2
dξ . (32)
Using the expansions (26) - (28) for f1, f2 and f3 in (32) we obtain
I1 = 2
(
1− 1
K
+O(Ke−2K)
)
. (33)
We dierentiate (30) to obtain an expression for K¨
K¨ = −E I2
I21
, (34)
where
I2 =
∫ 2
0
(
df1
dK
)(
d2f1
dK2
)
+
(
df2
dK
)(
d2f2
dK2
)
+
(
df3
dK
)(
d2f3
dK2
)
dξ . (35)
Again using the expansions (26) - (28) in (35), we get
I2 =
1
K2
(
1 +O(K3e−2K)
)
. (36)
The leading order terms in the expression (31) give (using equation (33))
K˙ = |v−∞|
(
1− 1
K
)
−1/2
. (37)
where v−∞ is the veloity of the D-strings in the asymptoti limit t→ −∞. Expanding
equation (37) as a series in 1/K, and integrating gives
K − 1
2
lnK +
1
8K
+O
(
1
K2
)
= v−∞(t+ t0) , (38)
where t0 is a onstant parameter orresponding to the freedom to translate the prob-
lem in time. To rst order the solution to (38) is
K = v−∞(t+ t0) . (39)
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We an nd higher order solutions by perturbing (39), substituting the perturbed
solution bak into (38), and solving for the perturbation. The resulting expression
for K(t) is
K = v−∞(t + t0) +
1
2
ln(v−∞(t+ t0)) +
ln(v−∞(t+ t0))
4v−∞(t + t0)
− 1
8v−∞(t+ t0)
+O
(
(ln(v−∞t)
2
(v−∞t)2
)
. (40)
Note that (40) is in agreement with the equivalent expression from the three-dimen-
sional monopole alulation, given in equation (8) of ref. [2℄.
3.2 Deoupling of Zero Modes and Non-Zero Modes
In setion 2.2 we desribed how the D-strings' motion an be thought of as being split
into two parts; the motion of the zero modes, i.e. the motion of the entres of mass
of the D-strings, and the motion of the non-zero modes, whih at as perturbations
on top of the zero modes. Energy an be transferred between the zero modes and
the non-zero modes as a result of the interation between the two D-strings. But
when they are far apart, and the interation an be negleted, the zero modes and
the non-zero modes deouple. We give an argument to show the deoupling between
zero modes and non-zero modes in appendix B.1. This means that energy an no
longer be transferred between zero modes and non-zero modes, as we show expliitly
in appendix B.2. It is the energy whih has been transferred between zero modes and
non-zero modes as a result of D-string sattering that represents the energy radiated
during sattering.
4 Solving the Equations of Motion Numerially
In this setion we will desribe the numerial methods we used to solve the Yang-
Mills equations of motion, (15) - (17). In setion 4.1 we will disuss the numerial
methods we used. In setion 4.2 we will speify the initial onditions we used, and
in setion 4.3 we will disuss our boundary onditions. In setion 4.4 we will present
some graphs of our results for the ϕi.
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4.1 Numerial Methods
Note from equations (88) of Appendix B.1 that near ξ = 0 the ϕi take the form
ϕi(ξ, t) = −1
ξ
+O(ξ) . (41)
So the ϕi have singularities at ξ = 0, but the singularities are onstant in time. In
order to handle these singularities numerially we removed them by dening the elds
gi as follows
gi(ξ, t) ≡ 1
ξ
+ ϕi(ξ, t) . (42)
This also implies that
g˙i(ξ, t) = ϕ˙i(ξ, t) . (43)
The equations of motion for the elds gi are
g¨1 − g′′1 + g1(g22 + g23)−
(g22 + g
2
3 + 2g1g2 + 2g1g3)
ξ
+
(2g1 + 2g2 + 2g3)
ξ2
= 0 , (44)
g¨2 − g′′2 + g2(g23 + g21)−
(g23 + g
2
1 + 2g2g3 + 2g2g1)
ξ
+
(2g1 + 2g2 + 2g3)
ξ2
= 0 , (45)
g¨3 − g′′3 + g3(g21 + g22)−
(g21 + g
2
2 + 2g3g1 + 2g3g2)
ξ
+
(2g1 + 2g2 + 2g3)
ξ2
= 0 . (46)
The third and fourth terms in these equations are apparently singular at ξ = 0.
However, using again the series solutions for the ϕi, equation (88) from appendix
B.1, we have
g1(ξ, t) = a1ξ +O(ξ
3) , g2(ξ, t) = b1ξ +O(ξ
3) ,
g3(ξ, t) = c1ξ +O(ξ
3) , (47)
with
a1 + b1 + c1 = 0 . (48)
From this we an dedue that the terms whih appear to be singular in (44) - (46)
are in fat nite at ξ = 0.
The ϕi also have singularities at ξ = 2, but sine we will only solve numerially for
the range 0 < ξ < 1, these singularities will not aet our numerial alulations.
We solved the equations numerially by evolving an initial onguration in time using
an RK4 proedure, adapted to two-dimensional partial dierential equations, subjet
to ertain boundary onditions (see setions 4.2 and 4.3 respetively for disussions of
the initial onditions and boundary onditions). A detailed disussion of the method
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we used is given in ref. [28℄. Our program was adapted from the RK4 program given
in ref. [28℄, and used routines from ref. [29℄ to alulate the Jaobian ellipti funtions
numerially. Sine the eet we were seeking to observe was so small, it was neessary
to ahieve very aurate results. We did this by using 7 points for the alulation of
g′′i in the RK4 method. We also used very small stepsizes; dξ = 0.0001 as the spatial
stepsize, and dt = 0.00005 as the time stepsize.
4.2 Initial Conditions
We start the motion at t = 0 with the monopoles moving tangential to the stati
solutions, so
ϕi(ξ, 0) = fi(ξ, k0) , (49)
where k0 is hosen so that the D-strings are suiently far apart initially. In [2℄,
Manton and Samols found that two monopoles ease to interat with one another for
r > 10. So we take k0 = 0.9999999999, for whih K(k0) = 12.55264624 ≈ f1(ξ, 0).
At t = 0 the D-strings should be moving towards eah other very slowly, so we set
ϕ˙i(ξ, 0) = k˙0
dfi
dk
∣∣∣∣
(ξ,k0)
, (50)
where k˙0 is xed by the initial veloity of the D-strings as follows. Sine f1 is ap-
proximately onstant in ξ initially, and f2 and f3 are approximately zero, f˙1(1, k0) is
a good approximation to the initial veloity, vinit of the D-strings (reall 0 < ξ < 2,
so ξ = 1 is the midpoint of the strings). So, having speied vinit, we an alulate
k˙0 from the following equation
vinit = f˙1(1, k0) = k˙0
df1
dk
∣∣∣∣
(1,k0)
. (51)
The initial onditions for the gi and g˙i an be dedued from the initial onditions for
the ϕi and ϕ˙i respetively using the denitions (42) and (43).
Note that the initial ongurations for ϕ1, ϕ2 (ϕ3) and ϕ˙1, ϕ˙2 (ϕ˙3) are symmetri
(antisymmetri) about ξ = 1, beause the fi have these symmetry properties. As
we disuss in appendix B.1, the ϕi will be evolved in time in suh a way that these
symmetries are perserved. We therefore used these symmetries to redue the numer-
ial omputation by solving the equations of motion for the range 0 < ξ < 1, and
transforming these solutions appropriately about ξ = 1 to obtain solutions for the
full range of ξ.
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4.3 Boundary Conditions
We onsider rst the left-hand border, ξ = 0. The series expansions (47) for the gi
near ξ = 0 imply
gi(0, t) = g˙i(0, t) = 0 . (52)
For points lose to the left-hand border it was not possible to use 7 points to alulate
g′′i in the RK4 evolution; we used instead a 3-point alulation for the point next to
the border, and a 5-point alulation for the next point along.
To x the right-hand border we used the symmetry properties of the ϕi about ξ = 1.
These symmetries imply that
ϕ′1(1, t) = ϕ
′
2(1, t) = 0 , ϕ3(1, t) = 0 . (53)
These imply for the gi
g′1(1, t) = g
′
2(1, t) = −1 , (54)
g3(1, t) = 1 . (55)
On the right-hand border g3 is therefore xed, and we have
g3(1, t) = 1 , g˙3(1, t) = 0 . (56)
However, g1(1, t) and g2(1, t) vary in time, and so we used an RK4 proedure to
alulate them. We alulated g′′1 and g
′′
2 for the RK4 method using the symmetry of
ϕ1 and ϕ2 about ξ = 1, and using 5 points. In the same way we alulated g
′′
1 and g
′′
2
for the two points next to the right-hand border.
4.4 Results for the ϕi
Figures 1, 2 and 3 show graphs of some of the solutions we obtained from our numerial
program.
Figure 1 shows the initial onguration for ϕ1, ϕ2 and ϕ3. From these graphs we an
see that ϕ1 ∼ −K(0.9999999999) = −12.55264624 and ϕ2 ∼ 0 and ϕ3 ∼ 0, exept
for the poles at ξ = 0 and ξ = 2, as we expeted from equation (9).
Figure 2 shows the solutions for ϕ1, ϕ2 and ϕ3 lose to the point of sattering. Here
ϕ1 ≈ ϕ2, whih orresponds to the axisymmetri monopole solution (the `doughnut').
Figure 3 shows the solutions for ϕ1, ϕ2 and ϕ3 after sattering, with t = 400. Note
that after sattering ϕ1 and ϕ2 have exhanged roles, as expeted. This orresponds
to the D-strings sattering at 90◦.
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Figure 1: Plots of the numerial solutions for the ϕi at t = 0 with vinit = 0.05.
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Figure 2: Plots of the solutions for the ϕi at t = 200 with vinit = 0.05.
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Figure 3: Plots of the numerial solutions for the ϕi at t = 400 with vinit = 0.05.
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5 Calulating the energy radiated
In this setion we desribe the tehniques we have used to alulate the energy ra-
diated during sattering, using the numerial solutions for the gi from the previous
setion.
The energy densities in terms of the gi are
K.E. density =
T
2
(
g˙21 + g˙
2
2 + g˙
2
3
)
, (57)
P.E. density =
T
2
(
g′21 + g
′2
2 + g
′2
3 + g
2
1g
2
2 + g
2
2g
2
3 + g
2
3g
2
1
−2
ξ
(g1g2(g1 + g2) + g2g3(g2 + g3) + g3g1(g3 + g1))
+
2
ξ2
(g21 + g
2
2 + g
2
3 + g1g2 + g2g3 + g3g1)
−2(g′1g2g3 + g′2g3g1 + g′3g3g1)
+
2
ξ
(g1(g
′
2 + g
′
3) + g2(g
′
3 + g
′
1) + g3(g
′
1 + g
′
2))
)
. (58)
Although there appear to be singularities in the potential energy density (58) at ξ = 0,
all terms are in fat nite when we substitute in the series expansions for the gi (47)
(as was the ase for the equations of motion (44) - (46)). We nd
P.E. density(ξ = 0, t) =
3T
2
(a1 + b1 + c1)
2 = 0 . (59)
In our numerial programs to alulate the energy densities we used four ξ-points to
alulate g′i in (58) whenever possible, and we integrated the energy densities using
Simpson's rule (see e.g. ref. [30℄).
5.1 Calulating the Energy in the ϕi
In this setion we present the results of our energy alulations for the ϕi (i.e. the
total energy in the zero modes and the non-zero modes). We will present all energies
as ratios to the initial total energy, whih we denote Einittot .
First we present the ratio of the total energy in the ϕi, Etot, to E
init
tot at dierent times.
The results are given in table 1 for vinit = 0.05 and in table 2 for vinit = 0.1. If there
were no numerial inauraies in our results this ratio would be 1 at all times beause
the total energy is onserved (see setion 2.4.2). Therefore the order of magnitude
at whih Etot/E
init
tot deviates from 1 at time t gives us an estimate of the numerial
inauray in our alulation at that time.
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Time Etot/E
init
tot
0 1
25 0.99999999831
50 0.99999999658
75 0.99999999639
100 0.99999999681
125 0.99999999762
150 0.99999999706
175 0.99999999673
200 0.99999999698
225 0.99999999709
250 0.99999999718
275 0.99999999683
300 0.9999999968
325 0.99999999736
350 0.99999999478
375 0.99999999561
Time Etot/E
init
tot
400 0.99999999607
425 0.99999999663
450 0.99999999671
475 0.99999999891
500 0.99999999925
525 0.9999999971
550 0.99999999391
575 0.99999999648
600 1.0000000008
625 0.99999999938
650 1.0000000012
675 0.99999999632
700 0.99999999628
725 1.0000000017
750 1.0000000045
775 1.0000000081
Table 1: Table showing the ratio of the total energy Etot to the total initial energy
Einittot at dierent times, with initial veloity vinit = 0.05.
Time Etot/E
init
tot
0 1
10 0.99999999945
20 0.99999999947
30 0.99999999974
40 1.0000000001
50 0.99999999987
60 0.99999999995
70 1.0000000004
80 1.0000000003
90 1.0000000004
100 1.0000000004
110 1.0000000004
120 1.0000000004
130 1.0000000005
140 1.0000000006
150 1.0000000003
Time Etot/E
init
tot
160 1.0000000001
170 1.0000000007
180 1.0000000008
190 1.0000000009
200 1.0000000008
210 1.0000000014
220 1.0000000011
230 1.0000000007
240 1.0000000001
250 1.0000000005
260 0.99999999947
270 0.99999999825
280 0.99999999828
290 0.99999999844
300 0.9999999983
310 0.99999999936
Table 2: Table showing the ratio of the total energy Etot to the total initial energy
Einittot at dierent times, with initial veloity vinit = 0.1.
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a) From table 1, for vinit = 0.05, the numerial inauray in the total energy is
around 10−8.
b) From table 2, for vinit = 0.1, the numerial inauray in the total energy is
around 10−9.
Next we present the potential energy in the ϕi in gure 4(a) for vinit = 0.05, and in
gure 4(b) for vinit = 0.1. As we pointed out in setion 2.4.1, the potential energy
measures the deviation of the solution from the solutions to the BPS equations, the
fi. So the potential energy originates entirely from the non-zero modes. In setion
B.1 we found that the non-zero modes behave like harmoni osillators when the
D-strings are far apart. So at late times their kineti energy is of the same order
as their potential energy, and so the magnitude of the potential energy in the ϕi is
approximately half the total energy in the non-zero modes.
a) In the graph in gure 4(a), for vinit = 0.05, we an see that the potential
energy inreases up to around 10−5 near the point of sattering t ≈ 200. After
sattering the potential energy dereases bak down to order 10−8, whih is the
order of the numerial inauraies in this alulation. This suggests that all
the energy has been transferred bak into the zero modes after sattering, and
therefore no energy has been radiated.
b) Similarly for vinit = 0.1, in the graph in gure 4(b), we nd the potential energy
inreases up to the order of 10−4 around the point of sattering at t ≈ 100. Then
it dereases bak down to the order of 10−7 after sattering. Although this is
slightly higher than the order of numerial inauray, it is still muh lower than
we would expet from the predition (1), whih would give Erad/Etot ∼ 10−3.
5.2 Calulating the energy in the non-zero modes diretly
In the previous setion we dedued the energy radiated from the potential energy
of the full numerial solutions for the gi. In the next setion we will alulate the
energy in the non-zero modes diretly. In order to do this we need to separate out
the non-zero modes ǫi from the full solutions ϕi, where
ϕi(ξ, t) = fi(ξ, k(t)) + ǫi(ξ, t) . (60)
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Figure 4: Logarithmi plot of the potential energy in the ϕi against time
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We will work in the asymptoti limit, when the D-strings are far apart, and we an
use K(k(t)) as the modular parameter instead of k(t) (see setion 3.1). We an also
use the approximations (9).
In order to separate out the zero modes from the non-zero modes it is neessary to
alulate K and K˙ for a given numerial solution for the ϕi. A rst approximation
for K, all it K˜, is K˜ = −ϕ2(ξ = 1, t). This assumes that ǫ2(ξ = 1, t) = 0. To obtain
a more aurate approximation for K, all it Kˆ, we an use the fat that the non-zero
modes are harmoni osillators in the asymptoti limit (see setion B.1). We set
ϕ2(1, t) = −Kˆ + δ , (61)
where δ = ǫ2(1, t) is hosen suh that the integral
∫ 2
0
ǫ2(ξ, t)dξ = 0. We then have
ǫi(ξ, t) = ϕi(ξ, t)− fi(ξ, Kˆ) . (62)
We an alulate an approximation for K˙ and the ǫ˙i using a similar proedure to that
desribed above.
In order to alulate the energy in the ǫi we have to assume that the zero modes and
non-zero modes have deoupled from one another, as is the ase when the D-strings
are far apart. Then the kineti energy density and potential energy density for the ǫi
are given by
K.E. density =
T
2
(ǫ˙21 + ǫ˙
2
2 + ǫ˙
2
3) , (63)
P.E. density = T
(1
2
(ǫ′21 + ǫ
′2
2 + ǫ
′2
3 )
+
1
ξ2
(ǫ21 + ǫ
2
2 + ǫ
2
3 + ǫ1ǫ2 + ǫ2ǫ3 + ǫ3ǫ1)
+
1
ξ
(ǫ1(ǫ
′
2 + ǫ
′
3) + ǫ2(ǫ
′
3 + ǫ
′
1) + ǫ3(ǫ
′
1 + ǫ
′
2))
)
, (64)
where we have negleted all terms of order ǫ3 and higher in the potential energy
density (64).
The graphs in gures 5 and 6 show the potential and kineti energies alulated for
vinit = 0.05 and vinit = 0.1 respetively.
a) In gure 5, for vinit = 0.05, the potential energies are muh higher than those
found in setion 5.1 for 400 < t < 525 beause our alulations were only valid
in the asymptoti limit. For t ≥ 550 the potential energies are of the order
10−8, whih agrees with the results presented in setion 5.1. The ǫi we have
alulated ould have originated entirely from numerial errors.
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Figure 5: Graphs showing the kineti and potential energy densities in the ǫi for
vinit = 0.05.
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 and potential energy densities in the ǫi for
vinit = 0.1.
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b) Similarly for vinit = 0.1, for later times t ≥ 260, the potential energies are of
the order 10−7, whih agrees with the results presented in setion 5.1.
6 Disussion
We have solved numerially the equations of motion derived from the Yang-Mills limit
of the Born-Infeld ation for D-strings, starting with two D-strings strethed between
two D3-branes a long way apart from eah other in the D3-brane worldvolume, and
moving towards eah other very slowly. We alulated numerially the energy radiated
during the sattering of the two D-strings.
In disussing our results we should bear in mind that the Born-Infeld ation is only
approximate, and is inaurate in regions of spae whih are highly urved. We
disussed this issue in ref. [1℄, and gave arguments as to why our results may still be
relevant. In short, there is evidene to suggest that the solutions to Nahm's equations
(4) are solutions of the full string theory (see ref. [31℄ for a reent disussion
1
). The
ongurations we used were lose to solutions of Nahm's equations, as is demonstrated
by equation (10). It is then reasonable to assume that the motion is aurately
desribed by the Born-Infeld ation.
Our numerial results reprodue the 90◦ sattering whih we expeted from the om-
parison to monopole sattering. It is enouraging that this follows diretly from the
equations of motion, rather than having to be put in by hand, as we did in ref. [1℄.
The predition of ref. [2℄ that Erad/Etot ∼ 1.35v3−∞ gives
Erad
Etot
∼ 10−4 for v−∞ = 0.05 , Erad
Etot
∼ 10−3 for v−∞ = 0.1 . (65)
(Note that the initial values for our program were vinit = 0.05 and vinit = 0.1, rather
than v−∞ = 0.05 and v−∞ = 0.1. However, sine the D-strings were very far apart
initially, it is safe to take v−∞ = 0.05 and v−∞ = 0.1 for our results). Our results for
the energy radiated are
Erad
Einittot
∼ 10−8 for v−∞ = 0.05 , Erad
Einittot
∼ 10−7 for v−∞ = 0.1 . (66)
(See gures 4(a) and 5 for v−∞ = 0.05 and 4(b) and 6 for v−∞ = 0.1). Our results
therefore suggest that the energy radiated is muh smaller then the predition of
ref. [2℄ suggests. Indeed, our values for the energy radiated in (66) are approximately
1
We thank A.Gustavsson for bringing this paper to our attention.
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of the same order as the numerial inauray in our programs (see the disussion
surrounding tables 1 and 2). So our results are onsistent with there being no energy
radiated during D-string sattering. It would be nie to be able to support this
onlusion with further evidene from the Born-Infeld ation.
Aknowledgements
This work was partly supported by the EC network EUCLID", ontrat number
HPRN-CT-2002-00325. JKB was supported by an EPSRC studentship. We thank
Ed Corrigan, Simon Ross, Douglas Smith and Cliord Johnson for useful disussions.
A Expansions of f1, f2 and f3 in the Limit k → 1
In this appendix we derive the series expansions of f1, f2 and f3 in the limit k → 1
that we used in setion 3.
A.1 Expanding in k′(k)
In order to obtain f1, f2 and f3 as funtions of k
′
we will use the following transfor-
mation of ellipti funtions, whih an be found in ref. [25℄. Under the transformation
ξ → ξ˜ = −iξ , k → k˜ = k′ =
√
1− k2 , (67)
the ellipti funtions transform as
K(k) → K˜(k) = K ′(k) = K(k′) ,
sn(ξ, k) → sn(ξ˜, k˜) = −i sn(ξ, k)
cn(ξ, k)
, cn(ξ, k)→ cn(ξ˜, k˜) = 1
cn(ξ, k)
,
dn(ξ, k) → dn(ξ˜, k˜) = dn(ξ, k)
cn(ξ, k)
. (68)
Substituting (68) into the expressions (8) for f1, f2 and f3 we obtain
f1(ξ, k) = −iK(k)cn(iK(k)ξ, k
′)
sn(iK(k)ξ, k′)
, f2(ξ, k) = −iK(k)dn(iK(k)ξ, k
′)
sn(iK(k)ξ, k′)
,
f3(ξ, k) = −iK(k) 1
sn(iK(k)ξ, k′)
. (69)
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We will also use from ref. [25℄ the expansions for sn(ξ, k), cn(ξ, k) and dn(ξ, k) for
small k. These are
sn(ξ, k) =
2π
K(k)
(
1
4
sin
(
πξ
2K(k)
)
+
5k2
64
sin
(
πξ
2K(k)
)
+
k2
64
sin
(
3πξ
2K(k)
)
+ · · ·
)
,
cn(ξ, k) =
2π
K(k)
(
1
4
cos
(
πξ
2K(k)
)
+
3k2
64
cos
(
πξ
2K(k)
)
+
k2
64
sin
(
3πξ
2K(k)
)
+ · · ·
)
,
dn(ξ, k) =
2π
K(k)
(
1 +
k2
4
cos
(
πξ
2K(k)
)
+ · · ·
)
. (70)
Substituting these into the expressions (69) for f1, f2 and f3 we nd
f1(ξ, k) = − K(k)
sinh(ξK(k))
(
cosh(ξK(k)) +
1
4
ξK(k)
sinh(ξK(k))
(k′)2 − 1
4
cosh(ξK(k))(k′)2
+ · · ·
)
, (71)
and
f2(ξ, k) = − K(k)
sinh(ξK(k))
(
1 +
1
4
ξK(k) cosh(ξK(k))
sinh(ξK(k))
(k′)2 +
1
4
cosh2(ξK(k))(k′)2
− (k
′)2
2
+ · · ·
)
, (72)
and
f3(ξ, k) = − K(k)
sinh(ξK(k))
(
1 +
1
4
ξK(k) cosh(ξK(k))
sinh(ξK(k))
(k′)2 − 1
4
cosh2(ξK(k))(k′)2
+ · · ·
)
. (73)
A.2 Expanding in K(k)
We an expand K(k) as a series in k′,
K(k) = (ln 4− ln k′) + 1
4
(ln 4− ln k′ − 1)(k′)2 +O(ln k′(k′)4) , (74)
whih implies
e−2K(k) =
(k′)2
16
+O(K(k)e−4K(k)) . (75)
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Using (75) in (71), (72) and (73), we an write f1, f2, and f3 as series in e
−2K
to get
f1(ξ,K) = − K
sinh(ξK)
(
cosh(ξK) + 4
(
ξK
sinh(ξK)
− cosh(ξK)
)
e−2K
+O(K2e−4K)
)
, (76)
and
f2(ξ,K) = − K
sinh(ξK)
(
1 + 4
(
ξK cosh(ξK)
sinh(ξK)
+ cosh2(ξK)− 2
)
e−2K
+O(K2e−4K)
)
, (77)
and
f3(ξ,K) = − K
sinh(ξK)
(
1 + 4
(
ξK cosh(ξK)
sinh(ξK)
− cosh2(ξK)
)
e−2K
+O(K2e−4K)
)
. (78)
B Deoupling in the Asymptoti Limit
B.1 Deoupling of Zero Modes and Non-zero modes
We onsider the D-strings' motion after sattering, when
f1 ∼ 0 , f2 ∼ −K(t) , f3 ∼ 0 , (79)
with K˙(t) onstant. The approximations (79) hold true for all ξ, exept when ξ is
very lose to 0 or 2, where f1, f2 and f3 all ontain poles. For now we will work
with the approximations (79); we will onsider the eets of the poles later on in this
setion.
The linearised equation of motion for ǫ1 from the Yang-Mills ation is
ǫ¨1 − ǫ′′1 + ǫ1(f 22 + f 23 ) + 2f1(f2ǫ2 + f3ǫ3) = 0 , (80)
and the equations for ǫ2 and ǫ3 are given by yli permutations of (80). With the
approximations (79) these equations of motion beome
ǫ¨1 − ǫ′′1 +K2ǫ1 = 0 , (81)
ǫ¨2 − ǫ′′2 = 0 , (82)
ǫ¨3 − ǫ′′3 +K2ǫ3 = 0 . (83)
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Sine the D-strings are far apart, K is large, and (81) and (83) imply that
ǫ1 = 0 , and ǫ3 = 0 . (84)
So it seems that in the asymptoti limit the energy in the non-zero modes is entirely
ontained in ǫ2, whih from (82) takes the form of a harmoni osillator, and has
ompletely deoupled from the zero mode motion.
The above analysis is aurate away from the boundaries ξ = 0 and ξ = 2. We now
onsider what happens at the boundaries. Reall that the equations of motion for
the full elds ϕi derived from the Yang-Mills ation, equation (13), are
ϕ¨1 − ϕ′′1 + ϕ1(ϕ22 + ϕ23) = 0 , ϕ¨2 − ϕ′′2 + ϕ2(ϕ23 + ϕ21) = 0 ,
ϕ¨3 − ϕ′′3 + ϕ3(ϕ21 + ϕ22) = 0 . (85)
Reall also that our initial ondition for the ϕi is ϕi(ξ, 0) = fi(ξ, k0) for some appro-
priate value of k0. The funtions f1(ξ, k), f2(ξ, k) (f3(ξ, k)) are symmetri (antisym-
metri) about ξ = 1. From the equations of motion (85) we an see that the ϕi will
be evolved in suh a way that these symmetries are preserved. We therefore need
only disuss the boundary at ξ = 0, the same results will follow for the boundary at
ξ = 2 by symmetry.
Consider the initial onditions for the ϕi at ξ = 0. Sine ϕ(ξ, 0) = fi(ξ, k0) for some
k0, the equations of motion (85) give ϕ¨i(ξ, 0) = 0. We also have, at ξ = 0, ϕ˙i(0, 0) = 0,
using the initial ondition for the ϕ˙i given in equation (50), and that dfi/dk|(ξ=0,k) = 0
for all k. This means that ϕi(0, t) = fi(0, k(t)) at all times beause this implies that
ϕ˙i(0, t) = ϕ¨i(0, t) = 0 at all times, and so the ϕi do not evolve at ξ = 0. The fi have
the following expansions for small ξ
f1 = −1
ξ
+ a1(k)ξ +O(ξ
3) , f2 = −1
ξ
+ b1(k)ξ +O(ξ
3) ,
f3 = −1
ξ
+ c1(k)ξ +O(ξ
3) , (86)
where
a1(k) + b1(k) + c1(k) = 0 . (87)
By ontinuity there exists a region of small ξ, say ξ < δ, for whih the ϕi are given
by
ϕ1 = −1
ξ
+ a1(k(t))ξ +O(ξ
3) , ϕ2 = −1
ξ
+ b1(k(t))ξ +O(ξ
3) ,
ϕ3 = −1
ξ
+ c1(k(t))ξ +O(ξ
3) . (88)
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Sine ϕi → fi as ξ → 0, we have that ǫi → 0 as ξ → 0, whih gives us the following
boundary onditions for the ǫi
ǫi(0, t) = ǫi(2, t) = 0 . (89)
So we dedue that the boundary onditions (89) are onsistent with (84), and ǫ2 being
a harmoni osillator.
B.2 Energy Deoupling
We have shown in appendix B.1 that the motion of the zero modes and the motion
of the non-zero modes deouple when the D-strings are far apart. Therefore we also
expet the energy in the non-zero modes to deouple from the energy in the zero
modes in this limit. We will show here expliitly that this is the ase.
The kineti energy density is given by equation (18). Substituting ϕi = fi + ǫi we
nd that the oupling between the zero modes and the non-zero modes in the kineti
energy is generated by terms like
∫ 2
0
f˙iǫ˙i dξ . (90)
But we have shown in appendix B.1 that the non-zero ǫi behave like harmoni osil-
lators in the asymptoti limit, and the f˙i are approximately onstant. Then, in this
limit, ∫ 2
0
f˙iǫ˙i dξ = 0 , (91)
and so the kineti energy does indeed deouple. (The poles of the fi at ξ = 0 and
ξ = 2 are xed, as an be seen from equation (88), so that f˙i = 0 at ξ = 0, 2.
Therefore we do not need to worry about the ontribution of the poles to (90)).
Next onsider the potential energy. Substituting ϕi = fi+ǫi into the potential energy
density, and keeping only terms whih are quadrati in ǫi, we nd that the potential
energy is given by
P.E. =
T
2
∫ 2
0
(
(ǫ′1 − f2ǫ2 − f3ǫ3)2 + {yli perms.}
)
dξ . (92)
Away from the poles the fi are given by the approximations (79) in the asymptoti
limit. We have also shown in appendix B.1 that ǫ1 = ǫ3 = 0 in this limit. Then the
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potential energy is given by
P.E. =
T
2
∫ δ
0
(
(ǫ′2)
2 + (−f3ǫ2)2 + (−f1ǫ2)2
)
dξ +
T
2
∫ 2−δ
δ
(ǫ′2)
2dξ
+
T
2
∫ 2
2−δ
(
(ǫ′2)
2 + (−f3ǫ2)2 + (−f1ǫ2)2
)
dξ , (93)
where the rst and third terms in (93) take into aount the behaviour of the fi near
the boundaries. Here δ is a small number, hosen suh that the approximations (79)
are aurate for δ < ξ < 2− δ. From the expressions for f1, f2 and f3 it an be shown
that δ → 0 as k → 1. The series expansions (86) for the fi imply that
fiǫi = −ǫ′i(ξ)|ξ=0 +O(ξ2) . (94)
So the ontributions to the potential energy from the two boundary terms are given
by
3T
2
∫ δ
0
(ǫ′2)
2 dξ +
3T
2
∫ 2
2−δ
(ǫ′2)
2 dξ . (95)
Sine these terms are nite, and δ → 0 as the D-strings get further apart, the on-
tributions to the potential energy from (95) are negligible. So the potential energy is
given by
P.E. =
T
2
∫ 2
0
(ǫ′2)
2dξ , (96)
whih has also deoupled from the zero mode motion.
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